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Recently we have introduced the regular phase coherent states [1] as eigenestates of a new exponential
phase operator of photon modes, whose eigenvalues belong to the open unit disc of the complex z-plane.
These special SU(1,1) coherent states can be generated from vacuum e.g. by an interaction with intensity-
dependent coupling, or in a parametric down-conversion process, where the complex number z depends on
the parameters of the source. The evolution of the state is described by the unitary operator U(g), where
the group element g also contains the time parameter. In the present contribution first we show that,
by projecting the states of the Hilbert space of the photon mode to the regular phase coherent states,
the received funcionals are analytic functions of z on the open unit disc, and they form the so-called
weighted Bergman space [2]. The effect of unitary representation operators on this space (apart from a
multiplier) results in Möbius transformations (fractional-linear transformations) of the argument of the
analytic functions. By using the normal ordering of the exponentials of the SU(1,1) generators [3], we
have also calculated the matrix elements of the evolution operator U(g) between number eigenstates. In a
special case these matrix elements reduce to Zernike polynomials, which have long been used in wavefront
analysis in classical optics, and they also appear in hyperbolic wavelet analysis [4,5]. Finally we show
that the unitary transformation of the exponential phase operator, induced by U(g), yields the Möbius
(or Blaschke) function of this operator, leading to a new aspect of the quantum phase problem.

Acknowledgements: We thank several useful discussions with Dr. Habil. Margit Pap of the Institute
of Applied Mathematics and Informatics, University of Pécs, and em. Prof. Dr. Ferenc Schipp of the
Loránd Eötvös University, Budapest, Hungary. The ELI-ALPS Project (GINOP 2.3.6-15-2015-00001) is
supported by the European Union and co-financed by the European Regional Development Fund.

References

[1] S Varró, Phys. Scr. 90, 074053 (2015)

[2] H Hedenmalm, B Korenblum and K Zhu, Theory of Bergman spaces, Springer Graduate Texts in
Mathematics, vol. 199 (2000)

[3] S Varró, New J. Phys. 24, 053035 (2022)

[4] M Pap and F Schipp, Ann. Univ. Sci. Budapest, Sect. Comput. 29, 157 (2008)

[5] M Pap, in: P W Hawkes (ed.), Advances in Imaging and Electron Physics, vol. 188, Academic Press,
San Diego, 2015, chapter 3


